On Certain Inequalities Involving the Constant e and Their Applications  by Sándor, József & Debnath, Lokenath
Ž .Journal of Mathematical Analysis and Applications 249, 569582 2000
doi:10.1006jmaa.2000.6911, available online at http:www.idealibrary.com on
On Certain Inequalities Involving the Constant e and
Their Applications
Jozsef Sandor´ ´




Department of Mathematics, Uniersity of Central Florida, Orlando, Florida 32816
Submitted by William F. Ames
Received April 3, 2000
Some inequalities involving e and their connections with some special functions
and means are considered.  2000 Academic Press
Key Words: Hadamard inequalities; convex functions; special means and Stirling’s
formula.
1. INTRODUCTION
It is well known that the constant e plays a central role in many areas of
mathematics. This constant is involved in many inequalities, identities,
series expansions, and special functions. On the other hand, inequalities
for the exponential function andor related function have important
applications or consequences. It may be relevant to mention that Polya’s´
Ž  .proof see Wetzel 1 of the arithmetic-geometric inequality is based on
e x 1 x for all x. 1Ž .
Ž .Suppose a i 1, 2, . . . , n is a set of n positive real numbers with thei
arithmetic mean A and the geometric mean G. Substituting x a A	 1i
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Ž .in 1 and multiplying the resulting inequalities leads to
n na ai i




whose equality holds only when a A 1 for all i 1, 2, . . . , n, that is,i
a  a    a .1 2 n
On the other hand, exponential inequalities are related to logarithmic
Ž .inequalities. For example, if x	1 inequality 1 implies that
ln 1 x 
 x . 2Ž . Ž .
Ž .Substituting t 1 x 0 in 2 gives
ln t
 t	 1





 t , t 0. 3Ž .
t
These simple and elementary inequalities have many applications to the
Ž   .theory of special means see Mitrinivic 2 . For an immediate application,
Ž . nwe let a and b i 1, 2, . . . , n be n positive numbers such that Ý a i i l1 i
n Ž .Ý b and first put t a b in 3 . Then sum over l 1, 2, . . . , n tol1 i i i
obtain
n n




a ai ia  b .Ł Łi i
l1 l1
Ž .If b  A 1 1, 2, . . . , n where A is the arithmetic mean of a , then thei i
above inequality leads to the well known result
a a  a1 2 na  a  a1 2 na a1 na  a  .1 n ž /n
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ŽIt is relevant to mention that the following double inequality see Polya´
 .and Szego 3 has been rediscovered many times,¨
ne 1 e
 e	 1  , n 1. 4Ž .ž /2n 2 n 2n 1
 Recently, Yang and Debnath 4 proved the left-hand side of this
Ž .inequality 4 and then used it to make a refinement of Carleman’s
Ž .inequality. We also note that 4 can be written in the form
n2n 2 1 2n 1
 e 1  , n 1. 5Ž .ž /2n 1 n 2n
Ž .Usually, n 1 is a positive integer in 4 , but we can assume that n is a
Ž . Ž .real number. In fact, as we will see later, 4 holds with improvements for
all positive real numbers.
The main purpose of this paper is to derive certain inequalities of the
Ž .type 4 and to show the connections of these inequalities with some
special functions and means.
2. MAIN RESULTS
Before we state and prove the main theorem, we need the following
results.
Set a, b 0 as two positive real numbers. The logarithmic, resp. identric
means of a and b are defined by
b	 a
L L a, b  a b , L a, a  a,Ž . Ž . Ž .
ln b	 ln a
and
1 Ž .1 b	ab aI I a, b  b a a b , I a, a  a.Ž . Ž . Ž .Ž .
e
 We refer to 58 for properties and generalizations of the above means.
 We will use the following inequalities due to Stolarsky 8 :
a b'ab  L a, b  I a, b  a b . 6Ž . Ž . Ž . Ž .
2
Ž  .These relations can be much improved see Sandor 6, 9 .´
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1 1 1x xŽ . Ž . Ž . Ž .Ž . Ž . Ž .Let f x  1 , F x  x 1 1 , and g x  ln 1x x x
1 Ž .	 x 0 . Since1 x
ln I x , x 1  x 1 ln x 1 	 x ln x	 1Ž . Ž . Ž .
and
1
 ln x 1 	 ln x ,Ž .
L x , x 1Ž .
it is easy to see that
F x  e. I x , x 1  x 1 f x ,Ž . Ž . Ž . Ž .
F xŽ .
F x  ,Ž .
L x , x 1Ž .
Ž . Ž . Ž . Ž . Ž . Ž .where F x is the derivative of F x . In fact, f x  f x g x , g x 
Ž .2	1x x 1 .
Since
e
f x  . I x , x 1 ,Ž . Ž .
x 1Ž .
we can deduce the following double inequality from Stolarsky’s inequality
Ž .6 ,
x 2 x 1
e  f x  e. x 0 . 7Ž . Ž . Ž .( ž /x 1 2 x 2
Ž .In fact, 7 represents a pair of inequalities
122 x 2 e 1
  1 , x 0. 8Ž .x ž /2 x 1 x1 1xŽ .
  Ž .We refer to Sandor’s papers 910 for a proof of 2.3 based on Hadamard’s´
inequality.
Ž . Ž .While the left-hand side of 8 extends the left-hand side of 5 to all
Ž . Ž .positive real numbers x 0 , the right-hand side of 8 is a refinement of
Ž .the right-hand side of 5 . This follows from the simple inequality
121 2 x 1 1
1   1 ,ž / ž / ž /x 2 x 2 x
that is,
1 1 1
1  1  .2ž /x x 4 x
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Ž .We note here that the right-hand side of inequality 8 , for any positive
Ž integer n 1, follows from the fact see Polya and Szego 3, Problem 168,´ ¨
. 	 4Part I, Chap. 2 that the sequence a defined byn
n121
a  1n ž /n
is strictly increasing.
Since lim a  e, this inequality follows from a  e.n n n
 It is interesting to note that the above fact was not stated in 3 , so only
Ž .the weaker inequalities 4 appear.
Ž .An immediate consequence of 7 is the limit
e
lim x . e	 f x  9Ž . Ž .
2x
which could also be obtained by using l’Hospital’s rule of calculus.
Ž .It follows from 9 and
nf n 	 n	 1 f n	 1  n f n 	 e  n	 1 e	 f n	 1  eŽ . Ž . Ž . Ž . Ž . Ž .
that
lim nf n 	 n	 1 f n	 1  e 10Ž . Ž . Ž . Ž .
n
 which is stated by Ghermanescu 11 .
On the other hand, since
12F x  F x ln x 1 	 ln x 		 4Ž . Ž . Ž .
x x 1Ž .
1 1
 F x 	 ,Ž . 2 x x 1L x , x 1 Ž .Ž .
Ž .it follows from the left-hand side of 6 that F is a strictly concave
Ž .function. So, by Lagrange’s mean-value theorem, and since F n 1 
Ž . Ž . Ž .F   F n for  n, n 1 , we obtain
F n 1 F nŽ . Ž .
 F n 1 	 F n  .Ž . Ž .
L n 1, n 2 L n , n 1Ž . Ž .
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This inequality leads to the limit
n1 nn 1 nŽ .
lim 	  e 11Ž .n n	1nn n	 1Ž .
Ž  .which is due to Keller see 12 . In connection with means, limits, and
  Ž .  Ž .inequalities, Sandor 13 introduced the function u x  x e	 f x which´
Ž .is related to the limit 9 . He also proved that u is a strictly increasing
concave function. By using the same procedure, we can prove the follow-
ing:
Ž . Ž . Ž . Ž . Ž . Ž .THEOREM 1. a If  x  x 1 e	 f x x 0 , then  x is a
strictly decreasing conex function.
1Ž . Ž . Ž . Ž . Ž . Ž .b If w x  x e	 f x x 1 , then w x is a strictly in-2
creasing concae function.
Proof. Suppose
h x  1 x a g x  f x .Ž . Ž . Ž . Ž .a
Then it follows from direct computation that
x a
 2h x  f x x a y  2 y	 ,Ž . Ž . Ž .a 2x x 1Ž .
where
1 1
y g x  	 , L L x , x 1 .Ž . Ž .
L x 1
The zeros of the polynomial
x a
2P y  x a y  2 y	Ž . Ž .a 2x x 1Ž .
are
122 2x x 1  x aŽ . Ž .
y  	 x 1  x 1 x a .Ž . Ž . Ž .1, 2 ½ 5x
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For a 1, we can show that
121 1 1 x 1 1




L 'x x 1Ž .
Ž .which is equivalent to the left-hand side of 6 with a x, b x 1.
 Ž .Thus, h x  0. Now, by1
   x  u x 	 f x  e	 f x  1 x 1 g x	 4Ž . Ž . Ž . Ž . Ž . Ž .
 e	 h x ,Ž .1
Ž . Ž .since lim h x  e, and h is strictly decreasing, clearly  x will bex 1 1
Ž Ž . . Ž .  Ž .strictly increasing  x  0 . But  x 	h x  0, which shows that1
 is a strictly convex function.
1For a , the proof is slightly more complicated. In this case2
122 21 x x 1  x 12Ž . Ž .
y  	 x 1 .Ž .2 ½ 5x 12 x 1 xŽ . Ž .
However, if we can show that
1221 x 12 1
	  1  
 1,½ 5ž /2 x 1 x 1 xŽ .
1 x12Ž . Ž Ž ..then, since ln 1  1 see the right-hand side of 8 ,x
1 1
	  y ,2L x 1
and the result follows.
Now
21 x 12 1
1 
 1ž /x x 1 2 x 1Ž .
is equivalent to
21 x 12 1 1
1 
 1  2ž /x x 1 x 1 4 x 1Ž .
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or
21 2 x 1 4 1 4 x 5

   .2 2ž /x x 1 x 1 x 1 x 1Ž . Ž .
That is,
22 x 1 
 x 4 x 5 ,Ž . Ž .
or
x 1.
Ž .This proves part b of Theorem 1.
Ž .3. SOME REFINEMENTS OF INEQUALITY 8
In view of the Taylor expansion
1 1 1 1
ln 1  2    , y 0, 12Ž .3ž /y 2 y 1 3 2 y 1Ž .
we can deduce
1 2 2 1
ln 1    . 13Ž .3ž /y 2 y 1 3 2 y 1Ž .
On the other hand, we have
1 2 1
ln 1   2 ž /y 2 y 1 3
1 1 1
 1    ,2 2 42 y 1 2 y 1 2 y 1Ž . Ž . Ž .
where
1 1 1 1
1   2 2 43 2 y 1 2 y 1 2 y 1Ž . Ž . Ž .
1 1 1 1
   .2 23 12 y y 1Ž .2 y 1 1	 1 2 y 1Ž . Ž .
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Thus, we obtain
1 1 1
ln 1  1 . 14Ž .ž /y y 12 12 y y 1Ž . Ž .
Ž . Ž .A simple combination of 13 and 14 gives the following:
THEOREM 2. For all y 0,
121 1
1 exp 	ž /y 12 y y 1Ž .
	y 121 1 1
 e. 1  1 exp 	 . 15Ž .2ž / ž /y y 3 2 y 1Ž .
Ž . Ž .Proof. Inequality 15 follows from simple computations of 13 and
Ž .14 .
COROLLARY 3.1.
y	y1 'a lim e 1  e . 16Ž . Ž .½ 5ž /yy
y 2Ž .	 y121 1
b lim e 1  exp 	 . 17Ž . Ž .ž /½ 5ž /y 12y
Ž . Ž . Ž .Both limits a and b are simple consequences of 15 , since
y1
lim 1  e.ž /yy
We next apply the following generalization of Hadamard’s inequality
Ž  .see Sandor 9, 10 .´
 THEOREM 3. Suppose f : a, b  is a 2k-times differentiable function
 with continuous 2kth deriatie on a, b and
f Ž2 k . x  0 or  0 for x a, b .Ž . Ž .
Then, we hae
2 p	1k b	 a a bŽ .b Ž2 p	2.f t dt or  f . 18Ž . Ž .ÝH 2 p	2 ž /22 2 p	 1 !Ž .a p1
 Proof. See Sandor 9, 10 .´
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Ž . Ž .We now apply 18 for k 2, a y, b y 1 y 0 and the function
1
f t  , f t 	ln t ,Ž . Ž .1 2t
respectively.
This leads to the following theorem:
THEOREM 4. For all y 0, we obtain
2 y 2 1
exp 2ž /2 y 1 6 2 y 1Ž .
	y 121 1 1
 e 1  1 exp 	 . 19Ž .2ž / ž /y y 3 2 y 1Ž .
Ž . Ž .Note. A simple comparison of 19 with 15 reveals that their right-hand
sides are the same, but the left-hand sides represent different expressions.
In fact, the use of Theorem 3 for k 4 leads to further refinements:
Ž . Ž .PROPOSITION 1. The left-hand side of 19 is stronger than that of 15 .
Proof. We have to show that
122 a 2 1 1 1
exp  1 exp 	2ž / ž /2 a 1 a 12 a a 1Ž .6 2 a 1Ž .
a 0 ,Ž .
or, equivalently,
21 1 2 a 1Ž .
exp   .2 4a a 1 4a a 1Ž . Ž .3 2 a 1Ž .
Ž . Ž .2Set 4a a 1  t so that 2 a 1  t 1. Then the inequality to be
proved is
4 t 3 t 1Ž .
exp  .½ 53t t 1 tŽ .
Ž .We next apply inequality 1 to obtain
4 t 3 4 t 3 t 1
exp   1 ,½ 53t t 1 3t t 1 tŽ . Ž .
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which is true because
4 t 3 1
 , that is, t 0.
3 t 1 t tŽ .
4. STIRLING’S FORMULA
Ž . Ž .Application of inequalities 3 and 8 leads to the following form of the
Stirling formula:
THEOREM 5. For all positie integers n 2, we hae the double inequality
12n
	n n12 	n n12' '2 e n  n! 2 e n . 20Ž .ž /n	 1
Proof. We write
s  n! nn12e	n .Ž .n
Since
Ž .	 n12s 1n1  1  1, by 8 ,Ž .ž /s nn
	 4 Ž . Ž .the sequence s is convergent. In view of 3 and 8 , we can writen
a1 2 a 1 2 a 1
ln 1  1 ln 
 ,ž / ž /a 2 a 2 2 a 2
and hence
n12s 1n
0 ln  ln 1 	 1ž /ž /s nn1
1 2n 1
 n 	 1ž / ž /2 2n 2
22n 1 	 n 2n 1Ž . Ž .

4n n 1Ž .
1 1 1
 	 .ž /4 n n 1
Thus, we have proved
s 1 1 1n
0 ln  	 . 21Ž .ž /ž /s 4 n n 1n1
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Ž .By letting n k, k 1, . . . , k p	 1 in 21 , and then adding the results
gives
s 1 1 1k
0 ln  	 .ž / ž /s 4 k k pkp
For a fixed k and p , we find





  ,ž / 4k
that is,  0.
	 4This ensures the fact that the limit of the sequence s is strictlyn
positive. In view of Wallis’ formula, we obtain
244 n2 n!  2n !  n  .Ž . Ž .
Thus, from the result
n! s  nn12e	nn
and Wallis’ formula, we find
24 ns4 n4 n2e	4 n s4  4  2n n     ;4 n1 2 22 	4 n 22 s 2s 2n e  2nŽ . 2 n2 n
'that is,  2 , where we have used the fact that  0.
'	 4Since the sequence s is strictly decreasing, s  2 lim s .n n n n
Ž .Hence the left-hand side of 20 follows.
We now let
n!
t   x ,n n	n n12ž /e n
where
12n	 1
x  .n ž /n
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Since
Ž .	 n12t 1 xn1 n1 e 1  ,ž / ž /ž /t n xn n
Ž .and from the right-hand side of 8 , we deduce
Ž . 	12n121 2 n 1 1Ž .
e 1   1ž / ž /n 2n 1 n
122 n 1 nŽ .
  .ž /2n 1 n 1
But
12 12x n nn1   ,ž / ž /x n 1 n	 1n
and hence, we find
' ' 't 2 n 1 n n nŽ .n1
   ' ' 't 2n 1 n 1 n 1 n	 1n
'2n n
  1.'2n 1 n	 1Ž .
Since the last inequality is equivalent to
23 34n  2n 1 n	 1  4n 	 3n	 1,Ž . Ž .
	 4 Ž .the sequence t is strictly increasing, and the right-hand side of 20n
follows from the limit
'lim t  2 .n
n
 For more details of this method see Sandor 14 .´
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